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The Poynting vector and Power
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Start from Maxwell’s equation

𝛻 × 𝐇 = J +
𝜕𝐃

𝜕𝑡
Next, take the scalar product of both sides with E,

E ∙ 𝛻 × 𝐇 = 𝐄 ∙ 𝐉 + E ∙
𝜕𝐃

𝜕𝑡
We then introduce the following vector identity:

𝛻 ∙ 𝐄 × 𝐇 = −𝐄 ∙ 𝛻 × 𝐇 +𝐇 ∙ 𝛻 × 𝐄

Then,

𝐇 ∙ 𝛻 × 𝐄 − 𝛻 ∙ (𝐄 × 𝐇) = 𝐉 ∙ 𝐄 + E ∙
𝜕𝐃

𝜕𝑡

where 𝛻 × 𝐄 = −
𝜕𝐁

𝜕𝑡

Therefore

−𝐇 ∙
𝜕𝐁

𝜕𝑡
− 𝛻 ∙ (𝐄 × 𝐇) = 𝐉 ∙ 𝐄 + E ∙

𝜕𝐃

𝜕𝑡

−𝛻 ∙ 𝐄 × 𝐇 = 𝐉 ∙ 𝐄 + 𝜖E ∙
𝜕𝐄

𝜕𝑡
+ 𝜇𝐇 ∙

𝜕𝐇

𝜕𝑡
or 
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The two time derivatives can be rearranged as follows:

𝜖E ∙
𝜕𝐄

𝜕𝑡
=

𝜕

𝜕𝑡

1

2
𝐃 ∙ 𝐄 and 𝜇H ∙

𝜕𝐇

𝜕𝑡
=

𝜕

𝜕𝑡

1

2
𝐁 ∙ 𝐇

With these,

−𝛻 ∙ 𝐄 × 𝐇 = 𝐉 ∙ 𝐄 +
𝜕

𝜕𝑡

1

2
𝐃 ∙ 𝐄 +

𝜕

𝜕𝑡

1

2
𝐁 ∙ 𝐇

Finally, we integrate throughout a volume:

−න
vol

𝛻 ∙ 𝐄 × 𝐇 𝑑𝑣

= න
vol

𝐉 ∙ 𝐄 𝑑𝑣 + න
vol

𝜕

𝜕𝑡

1

2
𝐃 ∙ 𝐄 𝑑𝑣 +න

vol

𝜕

𝜕𝑡

1

2
𝐁 ∙ 𝐇 𝑑𝑣

Applying the divergence theorem to the LHS, thus converting the volume
integral into an integral over the surface that encloses the volume. On the
RHS, the operations of spatial integration and time differentiation are
interchanged.

The Poynting vector and Power

This equation is known as Poynting’s theorem. −ර
area

𝐄 × 𝐇 ∙ 𝑑𝑆

= න
vol

𝐉 ∙ 𝐄 𝑑𝑣 +
𝑑

𝑑𝑡
න
vol

1

2
𝐃 ∙ 𝐄 𝑑𝑣 +

𝑑

𝑑𝑡
න
vol

1

2
𝐁 ∙ 𝐇 𝑑𝑣
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׬
vol

𝐉 ∙ 𝐄 𝑑𝑣 :- is the total (but instantaneous) ohmic power

dissipated within the volume.

vol׬
1

2
𝐃 ∙ 𝐄 𝑑𝑣 is the total energy stored in the electric field.

vol׬
1

2
𝐁 ∙ 𝐇 𝑑𝑣 is the total stored energy in the magnetic field.

𝑑

𝑑𝑡
vol׬

1

2
𝐃 ∙ 𝐄 𝑑𝑣 and

𝑑

𝑑𝑡
vol׬

1

2
𝐁 ∙ 𝐇 𝑑𝑣 give the time rates of increase

of energy stored within the volume.

The sum therefore be the total power flowing into this volume, and

so the total power flowing out of the volume is

ර
area

𝐄 × 𝐇 ∙ 𝑑𝑆 W

The cross product E × H is known as the Poynting vector, S,

𝐒 = 𝐄 × 𝐇 W/m2

The Poynting vector and Power

The integral is over the closed surface 

surrounding the volume. 

Instantaneous power density
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Because S is given by the cross product of E and H, the direction of

power flow at any point is normal to both the E and H vectors.

This certainly agrees with our experience with the uniform plane

wave, for propagation in the +𝑧 direction was associated with an 𝐸𝑥
and 𝐻𝑦 component,

𝐸𝑥𝐚𝑥 × 𝐻𝑦𝐚𝑦 = 𝑆𝑧𝐚𝑧

In a perfect dielectric, the 𝐸 and 𝐻 field amplitudes are given by

𝐸𝑥 = 𝐸𝑥0 cos 𝜔𝑡 − 𝛽𝑧 & 𝐻𝑦 =
𝐸𝑥0
𝜂

cos 𝜔𝑡 − 𝛽𝑧

where 𝜂 is real.

The power density amplitude is therefore

𝑆𝑧 =
𝐸𝑥0
2

𝜂
cos2 𝜔𝑡 − 𝛽𝑧

The Poynting vector and Power
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In the case of a lossy dielectric, 𝐸𝑥 and 𝐻𝑦 are not in time phase. We

have

𝐸𝑥 = 𝐸𝑥0𝑒
−𝛼𝑧 cos 𝜔𝑡 − 𝛽𝑧

Let 𝜂 = |𝜂|∠𝜃𝜂, then we may write the magnetic field intensity as

𝐻𝑦 =
𝐸𝑥0
|𝜂|

𝑒−𝛼𝑧 cos 𝜔𝑡 − 𝛽𝑧 − 𝜃𝜂

𝑆𝑧 = 𝐸𝑥𝐻𝑦 =
𝐸𝑥0
2

|𝜂|
𝑒−2𝛼𝑧 cos 𝜔𝑡 − 𝛽𝑧 cos 𝜔𝑡 − 𝛽𝑧 − 𝜃𝜂

The time-average power density, 𝑆𝑧, is the quantity that will ultimately

be measured.

To find this, we integrate over one cycle and divide by the period 𝑇 =

1/𝑓 . Additionally, the identity cos𝐴 cos𝐵 =
1

2
cos(𝐴 + 𝐵) +

1

2
cos(𝐴 − 𝐵) is applied to the integrand, and we obtain:

𝑆𝑧 =
1

𝑇
න
0

𝑇 1

2

𝐸𝑥0
2

|𝜂|
𝑒−2𝛼𝑧 cos 2𝜔𝑡 − 2𝛽𝑧 − 𝜃𝜂 + cos 𝜃𝜂

The Poynting vector and Power

Thus
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The second-harmonic component of the integrand integrates to
zero, leaving only the contribution from the dc component. The
result is

𝑆𝑧 =
1

2

𝐸𝑥0
2

|𝜂|
𝑒−2𝛼𝑧 cos 𝜃𝜂

Note that the power density attenuates as 𝑒−2𝛼𝑧, whereas 𝐸𝑥 and
𝐻𝑦 fall off as 𝑒−𝛼𝑧.

We may observe that the preceding expression can be obtained very
easily by using the phasor forms of the electric and magnetic
fields. In vector form, this is

S =
1

2
𝑅𝑒 E𝑠 × 𝐇𝑠

∗ W/m2

In the present case 𝐄𝑠 = 𝐸𝑥0𝑒
−𝛼𝑧𝑒−𝑗𝛽𝑧𝐚𝑥

and 𝐇𝑠
∗ =

𝐸𝑥0

𝜂∗
𝑒−𝛼𝑧𝑒+𝑗𝛽𝑧𝐚𝑦 =

𝐸𝑥0

|𝜂|
𝑒−𝛼𝑧𝑒𝑗𝜃𝜂𝑒+𝑗𝛽𝑧𝐚𝑦

where 𝐸𝑥0 has been assumed real.

The Poynting vector and Power
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Propagation in good conductor

8

Good conductor has a high conductivity, large conduction current and
negligible displacement current.

All the time varying fields are attenuate very quickly within the good
conductor

For good conductor the loss tangent tan 𝜃 =
𝜎

𝜔𝜖′
≫ 1

The propagation constant is

𝑗𝑘 = 𝑗𝜔 𝜇𝜖′ 1 − 𝑗
𝜎

𝜔𝜖′

For good conductor the propagation constant is

𝑗𝑘 = 𝑗𝜔 𝜇𝜖′ 𝑗
𝜎

𝜔𝜖′
= 𝑗 −𝑗𝜔𝜇𝜎

−𝑗 = 1∠ − 90° 1∠ − 90° = 1∠ − 45° =
1

2
1 − 𝑗

The propagation constant is

𝑗𝑘 = 𝑗 1 − 𝑗
𝜔𝜇𝜎

2
= 1 + 𝑗 𝜋𝑓𝜇𝜎 = 𝛼 + 𝑗𝛽

𝛼 = 𝛽 = 𝜋𝑓𝜇𝜎
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The attenuation and phase constant are equal and equal to

𝛼 = 𝛽 = 𝜋𝑓𝜇𝜎

The electric field is

𝐸𝑥 = 𝐸𝑥0𝑒
−𝑧 𝜋𝑓𝜇𝜎 cos(𝜔𝑡 − 𝑧 𝜋𝑓𝜇𝜎)

This is the electric field outside the conductor

Let 𝑧 > 0 good conductor and 𝑧 < 0 perfect dielectric so at 𝑧 = 0 the

field is

𝐸𝑥 = 𝐸𝑥0 cos𝜔𝑡

The conduction current density 𝐉 = 𝜎𝐄

The conduction current density at any point inside the conductor is

𝐽x = 𝜎𝐸𝑥 = 𝜎𝐸𝑥0𝑒
−𝑧 𝜋𝑓𝜇𝜎 cos(𝜔𝑡 − 𝑧 𝜋𝑓𝜇𝜎)

The electric field and current density are decreases exponentially inside 

the conductor 

Propagation in good conductor
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The distance at which the field decrease by 𝒆−𝟏 is

𝑧 =
1

𝜋𝑓𝜇𝜎

this distance is denoted by 𝛿 and is termed the depth of penetration,
or the skin depth

𝛿 =
1

𝜋𝑓𝜇𝜎
=
1

𝛼
=
1

𝛽

Electromagnetic wave can not travel within the good conductor.

The constant are

𝛼 = 𝛽 =
1

𝛿
= 𝜋𝑓𝜇𝜎, 𝛽 =

2𝜋

𝜆
, 𝜆 = 2𝜋𝛿, 𝑣𝑝 =

𝜔

𝛽
= 𝜔𝛿

The intrinsic wave impedance is

𝜂 =
𝑗𝜔𝜇

𝜎 + 𝑗𝜔𝜖′
since 𝜎 ≫ 𝜔𝜖′ ⇒ 𝜂 =

𝑗𝜔𝜇

𝜎
=

2∠45°

𝜎𝛿
=

1

𝜎𝛿
+ 𝑗

1

𝜎𝛿

Propagation in good conductor
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The field components are

𝐸𝑥 = 𝐸𝑥0𝑒
− Τ𝑧 𝛿 cos 𝜔𝑡 −

𝑧

𝛿

𝐻𝑦 =
𝜎𝛿𝐸𝑥0

2
𝑒− Τ𝑧 𝛿 cos 𝜔𝑡 −

𝑧

𝛿
−
𝜋

4

The maximum amplitude of the magnetic field occurs a 1/8 of cycle later 

than the maximum of the electric field at every point.

Time-average Poynting vector

𝑆𝑧 =
1

2

𝜎𝛿𝐸𝑥0
2

2
𝑒− Τ2𝑧 𝛿 cos

𝜋

4
=
1

4
𝜎𝛿𝐸𝑥0

2 𝑒− Τ2𝑧 𝛿

At the skin depth distance the power density has an 𝒆−𝟐 = 𝟎. 𝟏𝟑𝟓
of its value at the surface.

Propagation in good conductor
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The total average power loss in a width 0 < 𝑦 < 𝑏 and length 0 <
𝑥 < 𝐿 in the direction of the current, as shown in Figure, is

obtained by finding the power crossing the conductor surface

within this area,

𝑃𝐿 = න
area

𝑆𝑧 𝑑𝑎 = න

0

𝑏

න

0

𝐿
1

4
𝜎𝛿𝐸𝑥0

2 𝑒− Τ2𝑧 𝛿 ቚ
𝑧=0

𝑑𝑥 𝑑𝑦 =
1

4
𝜎𝛿𝑏𝐿𝐸𝑥0

2

In terms of the current density

𝐽𝑥0 at the surface,

𝐽𝑥0 = 𝜎𝐸𝑥0

we have

Propagation in good conductor

𝑃𝐿 =
1

4𝜎
𝛿𝑏𝐿𝐽𝑥0

2
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The power loss would result if the total current in a width 𝑏 were

distributed uniformly in one skin depth.

To find the total current, we integrate the current density over the

infinite depth of the conductor,

𝐼 = න
0

∞

න
0

𝑏

𝐽𝑥 𝑑𝑦 𝑑𝑧

Propagation in good conductor

where

or in complex exponential notation to simplify the integration,

𝐽𝑥 = 𝐽𝑥0𝑒
− Τ𝑧 𝛿 cos 𝜔𝑡 −

𝑧

𝛿

𝐽𝑥 = 𝐽𝑥0𝑒
− Τ𝑧 𝛿 cos 𝜔𝑡 −

𝑧

𝛿
= 𝐽𝑥0𝑒

− 1+𝑗 𝑧/𝛿
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Therefore,

𝐼 =
𝐽𝑥0𝑏𝛿

2
cos 𝜔𝑡 −

𝜋

4

If the current is uniformly distributed with uniform density 𝐽′within the

cross section 0 < 𝑦 < 𝑏 and 0 < 𝑧 < 𝛿

𝐽′ =
𝐼

𝑏𝛿
=
𝐽𝑥0

2
cos 𝜔𝑡 −

𝜋

4

The ohmic power loss per unit volume is 𝐽 ∙ 𝐸, and thus the total

instantaneous power dissipated in the volume under consideration is

𝑃𝐿𝑖 𝑡 =
1

𝜎
𝐽′ 2𝑏𝐿𝛿 =

𝐽𝑥0
2

2𝜎
𝑏𝐿𝛿 cos2 𝜔𝑡 −

𝜋

4

Propagation in good conductor

𝐼 = න
0

∞

න
0

𝑏

𝐽𝑥0𝑒
− 1+𝑗 𝑧/𝛿 𝑑𝑦 𝑑𝑧

= 𝐽𝑥0𝑏𝑒
− 1+𝑗 𝑧/𝛿 ቚ

−𝛿

1+𝑗 0

∞

=
𝐽𝑥0𝑏𝛿

1+𝑗

And
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The time-average power loss is easily obtained, since the average value of the
cosine-squared factor is one-half,

𝑃𝐿 =
1

4𝜎
𝐽𝑥0
2 𝑏𝐿𝛿

This is the same as above so, the average power loss in conductor with skin
effect present may be calculated by assuming the total current is uniformly in one
skin depth .

The resistance at a high frequency where there is a well-developed skin effect is
therefore found by considering a slab of width equal to the circumference 2𝜋𝑎
and thickness 𝛿. Hence

𝑅 =
𝐿

𝜎𝑆
=

𝐿

2𝜋𝑎𝜎𝛿
A round copper wire of 1 mm radius and 1 km length has a resistance at direct
current of

𝑅𝑑𝑐 =
103

𝜋10−6 5.8 × 107
= 5.48 Ω

At 1 MHz, the skin depth is 0.066 mm. Thus 𝛿 ≪ 𝑎, and the resistance at 1 MHz is

𝑅 =
103

2𝜋10−3 5.8 × 107 0.066 × 10−3
= 41.5 Ω

Propagation in good conductor
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Thank you


