T Lecture 10

Plane Wave Reflection

Electromagnetic
Field Theory
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REFLECTION OF UNIFORM PLANE
WAVES AT NORMAL INCIDENCE

# We consider the phenomenon of reflection which occurs when a
uniform plane wave is incident on the boundary between regions
composed of two different materials.

# The treatment is specialized to the case of normal incidence—in
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=2 which the wave propagation direction iIs perpendicular to the
LL

g bou ndary' Region 1 Region 2

Z H1:€1,€) i M3, €rs €

- E;H;

B Define region 1 (€q,p4) as the Incidentwave

half-space for which z <0 ; £l H;
. . —-
reglOn 2 (62, ”2 ) IS the half- Transmitted wave

space for which z > 0. ET, Hy

- .
Reflected wave




REFLECTION OF UNIFORM PLANE
WAVES AT NORMAL INCIDENCE

Let a wave in region 1, traveling in the 4z direction toward the
boundary surface at z = 0, and linearly polarized alona x__
EX (z,t) = Ef ge %% cos(wt — fr2) = incident wave
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In phasor form

%’ xsl(Z) = 10e_jklz Jk=atjp
% El, is real. The subscript 1 identifies the region, and the
ff superscript + indicates a positively traveling wave.
a8 Associated with Ef; (z) isa magnetlc field in the y direction,
ysl(Z) = 1Oe_Jklz
771

where k; and n, are complex unless €1 (or ay) is zero.

# Since the direction of propagation of the incident wave Is
perpendicular to the boundary plane = normal incidence.
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REFLECTION OF UNIFORM PLANE
WAVES AT NORMAL INCIDENCE

The energy may be transmitted across the boundary surface at
z =0 Into region 2 by providing a wave moving In the 4z
direction in that medium.

The phasor electric and magnetic fields for this wave are
Ers2(2) =1E;209_]kzz
Hjs,(2) = n_E;ckzoe_jkzZ
2

This wave, which moves away from the boundary surface into
region 2, is called the transmitted wave.

Note the use of the different propagation constant k, and intrinsic
Impedance n,.

Now we must satisfy the boundary conditions at z = 0 with these
assumed fields.




REFLECTION OF UNIFORM PLANE

51 WAVES AT NORMAL INCIDENCE
% xsl(Z) = Ef0e7%17 and  Ef,(2) = oe_jkzz
- Hjq1(z) = Efioe” 7% and Hj,(z) = —Ej e ka2

771 N2
@ & With E polarized along x, the field is tangent to the interface, and
=4 therefore the E fields in regions | and 2 must be equal at z = 0.
g ®» Setting z = 0 would require that .7, = E.5,.
g B H, being y-directed, is also a tangential field, and must be continuous
M across the boundary (no current sheets are present in real media).
e Letz = 0, we find that we must have

7711 ExlO T 7,’12 ExZO

B SinceEl,=ELy = 14 =1,
®» But this is a very special condition that does not fit the facts in

general, and we are therefore unable to satisfy the boundary
conditions with only an incident and a transmitted wave.
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REFLECTION OF UNIFORM PLANE
WAVES AT NORMAL INCIDENCE

H We require a wave traveling away from the boundary in region 1,
as shown in figure; this is the reflected wave,
Exs1(2) = Exype!*1?

Lecture 10

H;..(z) = ——EZ  elf1z Region 1 Region 2
yS]_ xlo ’ ” ’ "
1 H1,€)1,€ X M2, € €

i E,1o may be a complex quantity. it
kRl

Incident wave

B Because this field is traveling in the |
— z direction, Eyy = —n1H, 5 for =2,
the Poynting vector shows that i o sitted wave
E; xH; must be in the —a, <«
direction. S
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z=0
# B. Cs. are now easily satisfied, and in the process the amplitudes of

the transmitted and reflected waves may be found in terms of E/,.
6



REFLECTION OF UNIFORM PLANE
WAVES AT NORMAL INCIDENCE

# The total electric field intensity Is continuous at z = 0,
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Evs1 = Exs2 (z=0)
OF Efcr+Epsi-=Ejg (z=10)
M & Therefore
5 Ei10 * Ex10 = Exzo @
= 5 Furthermore
§ Hys1 = Hyg (z=0)
5 or H, ys1 T 3751 Hysz (z=0)

® Therefore

ExlO x10 ExZO @

N1 N1 N2

Solving (2) for E.,, and substituting into (1), we find
= M2 N2 _._
Edi0 + Exi0 = s —E}10 — i —Eyi0 = Exi0 = Exio S




REFLECTION OF UNIFORM PLANE
WAVES AT NORMAL INCIDENCE

# Reflection coefficient, I', is defined as the ratio of the amplitudes
of the reflected and incident electric fields:

[ = x10 _ M2 =M _ [/ @
Efig N2+m
It is evident that as n; or n, may be complex, I" will also be complex,
and so we include a reflective phase shift, ¢.
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# The relative amplitude of the transmitted electric field intensity is
found by combining (3) and (1) E; g + Ex1o = E5 to yield the
transmission coefficient, ,

+
ExZO = 2772 =1 + [ = |T|ej¢i

} Efio M2+m




Special Case |

(@)
—
= # Letregion 1 be a perfect dielectric and region 2 be a perfect conductor.
& Thenwe apply , = /e,“—]ze,, with €)' = g, /w, obtaining
2 JF2
_ jopz
T 772 — L r O
g \ Oy + JWE,
i3 & in which zero is obtained since g, — oo. Therefore, from t =@ =
= x10
< 212 +
. = =
a N2+M1 ExZO p

B No time-varying fields can exist in the perfect conductor.
» An alternate way of looking at this is to note that the skin depth is

1
zero. (6 = )
VTt U207
Ex10 _ N2—M
Exio  M2+M
F — _1 and E;CI_]_O — _E;]_O

shows that

E Becausen, =0,I' =
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Special Case |

# The incident and reflected fields are of equal amplitude, and so all

the incident energy is reflected by the perfect conductor.

=» Moreover, the reflected field is shifted in phase by 180°
relative to the incident field.

# The total E field in region 1 is

—jb12z + P12
Exsl - Exsl xsl . E x10€ Jhaz Exloe]'g1

where jk; = 0 + jf; In the perfect dielectric.

# These terms may be combined and simplified,

Eyvs1 = (3 ~Ihz e]ﬁlz) w0 = —j2sin(B1z) Exig

2 Multiplying by e/®t and taking the real part, we obtain the real

Instantaneous form:
€,1(z,t) = 2E,, sin(B;2) sin(wt)

£ We recognize this total field in region 1 as a standing wave,

obtained by combining two waves of equal amplitude traveling In

opposite directions.
10
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# In such cases, £z =

Standing Wave

# Compare €,,(zt) = 2E},sin(B,z) sin(wt) to that of the

Incident wave,
€x1(2,t) = Efyo cos(wt — B;2)
» Here we see the term wt —pfyz or w(t—z/vy,), Which
characterizes a wave traveling in the 4z direction at a velocity

Vp1 = W/

8 In E,(zt) = 2E,sin(B,2) sin(wt) , however, the factors

Involving time and distance are separate trigonometric terms.
» Whenever wt = mm, €, IS zero at all positions.

# Spatial nulls In the standing wave pattern occur for all times

wherever S,z =mn,m = (0,+1,+2,...).
21T

Z = mm
Aq

| p
i and the null locations occur at z = m =

11



Standing Wave

=B Thus E,; = 0 at the boundary z = 0 and at every half-wavelength
1 from the boundary inregion 1, z < 0, as illustrated in Figure 12.2.
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T

T i l i 71 conductor

— -

} T T T } E Perfect

..

:——%h z=—M I=—5M z=0
The instantaneous values of the total field E,; are shown att = /2. E,.; = 0 for all time
at multiples of one half-wavelength from the conducting surface.

12
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Standing Wave

i Because Ejs; =1y Hjs; and Eygq = —n1 Hjgq, the magnetic field is
+

Ea-ci_lo ' ' ExlO
Hyg = (e‘fﬁlz + efﬁlz) = 2 cos(f12)

In phasor form N1 . !
H

E
y1 = ;—wcos(ﬁlz) cos(wt)
1

# This is also a standing wave, but it shows a maximum amplitude at
the positions where E,; = 0. It is also 90° out of time phase with
E., everywhere.

» As a result, the average power as determined through the
Poynting vector (S) = %Re(Es X H3) is zero in the forward
and backward directions.

13



Special Case li

2 Let us now consider perfect dielectrics in both regions 1 and 2;
®» 71, and n, are both real positive quantities and a; = a, = 0.
# Equation

Lecture 10

_Exio m2—m
EXio M2+m

# enables us to calculate the reflection coefficient and find E; In
terms of the incident field E; .

# Knowing Ey; and E,;, we then find H}; and H,;.

I
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# Inregion 2, EZ, is found from
Ez20 213
T=—7—=
Eiio M2t+m
# and this then determines HJ,.

=1+T

14



Power Density

B For the incident power density, we have

Lecture 10

1 + + * 1 1 1 2
<Sli> = ERe{ExslHYSl} = ERe ExlO 0t ExlO ERe |E 10|
1

B The reflected power density Is then

1 1 1
(S1r) = Re{Exsl ys1j = -5 SReTEf o — n: [EZy,
1

1
= ERG{ }| 10|2|F|2

# We thus find the general relation between the reflected and incident
power:
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(Slr) — |F|2<Sli>

15
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Power Density

# The transmitted power density:

1 PR 1 1
(S2) = ERe{EXSZHySZ} T _Re TExlO n’ T E
2

1 2
=ERe |E 10| |7

# Taking the advantage of energy conservation by noting that
whatever power Is not reflected must be transmitted.

(S2) = (1 — TI*){S1;)

16



STANDING WAVE RATIO

B When || <1, some energy is transmitted into the second region and
some Is reflected.

®» Region 1 therefore supports a field that is composed of both a
traveling-wave and a standing-wave.

B Medium 1 is assumed to be a perfect dielectric (a; = 0), but region 2
may be any material.

® The total electric field phasor in region 1 will be
EX1T — E;l ~+ E;l = ED-C'I_lOe—jﬁlz + FE;’lOe]ﬁlz
= (677857 + [Tle/ P95

& where the reflection coefficient: T' = 2= = |T|e/¢
N2+1M1

B We allow for the possibility of a complex reflection coefficient by
Including its phase, ¢.
®» Although n4 is real and positive for a lossless medium, 7, will in
general be complex.
®» If region 2 is a perfect conductor, n, 1s zero, and so ¢ Is equal to ;

®» if 17, is real and less than n4, ¢ Is also equal to m; and if n, Is real
and greater than n4, ¢ Is zero.
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STANDING WAVE RATIO

We have a maximum when each term in the larger parentheses ExlT =
(e 7Pz +|T|e/Prz+®)EY o has the same phase angle; so, for Ej

positive and real,
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|Ex1T|max = (1 + |F|)E?-CI-10
B and this occurs where

E —f1z=pF1z+ ¢ + 2mn (m=0,+1,%£2,...)

| & Therefore

5 1

g = + 2

é Zmax 2,31 (¢ mr)

o B Note that an electric field maximum is located at the boundary plane

(z = 0) if ¢ = 0; moreover, ¢ = 0 when I is real and positive.
B This occurs for real n, and n, whenn, > n;.

® Thus there is a field maximum at the boundary surface n, > n,
and both are real.

8 With ¢ = 0, maxima also occur at z,,., = —mm/B; = —mi, /2.

B For perfect conductor ¢ = m, and these maxima are found at z,,,x =
—1/(201),—3m/(2B,),0r Zyax = —A1 /4, —341/4, and so forth.

18
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STANDING WAVE RATIO

# The minima must occur where the phase angles of the two terms in

the larger parentheses in Eyp = (e /17 4+ |T|e/ Pz D) EL |
differ by 180, thus
|Ex1T|min =1- |F|)E9-cl_10

# and this occurs where

5 or

—B1z=P1z+ P+ 1+ 2mn (m =0,£1,%2,...)
—_ (¢ + (2m+ D))
Zmin = T 5,5 m n
21

# The minima are separated by multiples of A/2 (as are the maxima),

and for the perfect conductor the first minimum occurs when
— 1z = 0, or at the conducting surface.

# In general, an electric field minimum is found at z = 0 whenever

¢ = m; this occurs if n, < n, and both are real.

19



STANDING WAVE RATIO

# Standing wave ratio: iIs the ratio of the maximum to minimum
amplitudes:

Lecture 10

_ |Exirlmax 1+ T

S = —
|Ex1T|min 1- |F|
Because |I'| < 1, s is always positive and greater than or equal to
unity.
# If |[I'| = 1, the reflected and incident amplitudes are equal, all the
Incident energy Is reflected, and s Is infinite.

®» Planes separated by multiples of A1,/2 can be found on which
E., 1s zero at all times. Midway between these planes, E,; has
a maximum amplitude twice that of the incident wave.

# If n, =n4, then T = 0, no energy is reflected, and s = 1; the
maximum and minimum amplitudes are equal.

# If one-half the incident power is reflected, |T'|? = 0.5, || =
0.707,and s = 5.83.
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STANDING WAVE RATIO

® Further insights can be obtained by working with Eqg. (19) and rewriting it

In real instantaneous form.
® We find the total field in region 1 to be

Exar(z,t) = (1 - ITDE0 FOS((Ut — p12)

B The field expressed in Eqg. (26) is the sum of a traveling wave of

Ear(z,1) = (1 = [TDES, cos(@! — pi2)

i

traveling wave

standing wave

+2|T|E]  cos(B1z + ¢ /2) cos(wt + ¢ /2)

having amplitude 2|T|E,.
sts and back-propagates in
)n of the incident wave to
Ident wave (that does not
. The maximum amplitude
litudes of the two terms In

|£0) d@uu UllECUy W YIvVe (L + |1 |)Exq10- | e minimum amplitude is found
where the standing wave achleves a null, leaving only the traveling wave

amplitude of (1 — |T|)E}
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