
Electromagnetic 

Field Theory

 

Ahmed Farghal, Ph.D.
Electrical Engineering, Sohag University

Lecture 5

Time-Varying Fields and Maxwell’s 

Equations

Oct. 30, 2019



F
al

l 
 2

0
1

9
D

r.
 A

h
m

e
d

  
F
ar

g
h
al

L
e
ct

u
re

 5

2

 Introduction (Time Varying Field and Maxwell’s Equations)
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Introduction
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Time-Varying Fields

Stationary charges electrostatic fields

Steady currents magnetostatic fields

Time-varying currents electromagnetic fields

Only in a non-time-varying case can electric and magnetic fields be 

considered as independent of each other. In a time-varying

(dynamic) case the two fields are interdependent. 

A changing magnetic field induces an electric field, and vice versa. 
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Introduction
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In the previous chapter, the steady magnetic field was

explained. In this chapter the time varying field will be

explained.

Some of the relationships are not change and most of the

relationships are change slightly

Two concepts will be introduced

1. Electric field produce by changing magnetic field

(Faraday's Law)

2. Magnetic field produce by changing electric field

(Maxwell’s)
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Faraday’s Law
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Faraday's goal was to show that a current could be produced by

magnetism.

A time varying magnetic field produces an electromotive force

(emf) which may establish a current in a suitable closed circuit.

An emf is a voltage that arise from conductors moving in a

magnetic field or from changing magnetic fields emf = −
𝑑𝜙

𝑑𝑡
V.

The above equation required a closed path not necessary a closed

conducting path.

A non zero value of
𝑑Φ

𝑑𝑡
will produces from:

1. A time varying flux linking a stationary clothed path.

2. Relative motion between a steady flux and a closed path.

3. A combination of two.
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Faraday’s Law
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The minus sign is an indication that the emf is in such a direction
as to produce a current whose flux, if added to the original flux,
would reduce the magnitude of the emf.

Lenz’s Law, states that the induced voltage acts to produces an
opposing flux.

For 𝑁 turns closed path emf = −𝑁
𝑑𝜙

𝑑𝑡

The emf in terms of the electric field emf = Eׯ ∙ 𝑑L

For steady field the above integral is zero.

Using the equation of Φ = 𝑆B׬ ∙ 𝑑S ⇒ emf = Eׯ ∙ 𝑑L =

−
𝑑

𝑑𝑡
𝑆B׬ ∙ 𝑑S

Right hand fingers indicates the direction of path and the thumb
indicates the direction of 𝑑S which is the same as the direction of
𝐁.
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Faraday’s Law

For stationary path in time varying fields emf = Eׯ ∙ 𝑑L = −
𝑑

𝑑𝑡
𝑆B׬ ∙ 𝑑S

Using the Stocks theorem, the equation can be write as

න
𝑆

𝛻 × E ∙ 𝑑𝐒 = −න
𝑆

𝜕B

𝜕𝑡
∙ 𝑑𝐒 ⇒ ∇ × E ∙ 𝑑𝐒 = −

𝜕B

𝜕𝑡
∙ 𝑑𝐒 ⇒ ∇ × E= −

𝜕B

𝜕𝑡
For steady field the above equations were written as

රE ∙ 𝑑L = 0 ⇒ ∇ × E=0

For time constant flux and moving path, we define a motional electric field as

F = 𝑄v × B ⇒
F

𝑄
= v × B ⇒ E𝑚 = v × B

Themotional emf produced by the moving conductor is then

emf = රE ∙ 𝑑L = රE𝑚 ∙ 𝑑L = ර v × B ∙ 𝑑L

For time varying field and moving path

emf=රE ∙ 𝑑L = −න
𝑆

𝜕B

𝜕𝑡
∙ 𝑑𝐒 + ර v × B ∙ 𝑑L = −

𝑑Φ

𝑑𝑡

One of Maxwell’s 
equation in Integral form

One of Maxwell’s 
equation in point form
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Displacement Current

8

From Ampere’s circuit law in point form 𝛻 × 𝐇 = 𝐉

Taking the divergence of both sides 𝛻 ∙ 𝛻 × 𝐇 ≡ 0 = 𝛻 ∙ 𝐉

Using the continuity equation 𝐉 = −
𝜕𝜌𝑣

𝜕𝑡

So the point form of Ampere is valid only when Τ𝜕𝜌𝑣 𝜕𝑡 = 0

For time varying field, assume we added an unknown as G

Second one of

Maxell’s equations

The Displacement current density is 

𝛻 × 𝐇 = 𝐉 + 𝐆 ⇒ 𝟎 = 𝛁 ∙ 𝑱 + 𝛁 ∙ 𝑮 ⇒ 𝛁 ∙ 𝑮 =
𝝏𝝆𝒗
𝝏𝒕

Replacing 𝜌𝑣 by  𝛻 ∙ 𝐷 ⇒ 𝛁 ∙ 𝑮 =
𝝏

𝝏𝒕
𝛻 ∙ 𝐷 = 𝛁 ∙

𝝏𝑫

𝝏𝒕
⇒ 𝑮 =

𝝏𝑫

𝝏𝒕

⇒ 𝛻 × 𝐇 = 𝐉 +
𝝏𝑫

𝝏𝒕

𝑱𝒅 =
𝝏𝑫

𝝏𝒕
⇒ 𝛻 × 𝐇 = 𝐉 + 𝑱𝒅
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Types of Current
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There are three types for current density

1. Conduction current density 𝐉 = 𝜎𝐄

2. Displacement current density 𝐉𝑑 =
𝑑𝐃

𝑑𝑡

3. Convection current density 𝐉 = 𝜌𝑣𝐯

For non conduction medium 𝐉 = 𝜎𝐄 ⇒ 𝛻 × 𝐇 =
𝝏𝐃

𝝏𝒕
compare

with 𝛻 × 𝐄 = −
𝝏𝑩

𝝏𝒕

The total displacement current crossing any surfaces is

𝐼𝑑 = න
𝑆

𝐉𝑑 ∙ 𝑑𝐒 = න
𝑆

𝜕𝐃

𝜕𝑡
∙ 𝑑𝐒

The time varying form of Ampere circuit law is found as follow

Applying Stocks Theorem

න
𝑆

𝛻 × 𝐇 ∙ 𝑑𝐒 = න
𝑆

𝐉 ∙ 𝑑𝐒 + න
𝑆

𝜕𝐃

𝜕𝑡
∙ 𝑑𝐒

රH ∙ 𝑑𝐋 = 𝐼 + 𝐼𝑑 = 𝐼 + න
𝑆

𝜕𝐃

𝜕𝑡
∙ 𝑑𝐒
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Maxwell’s Equation in Point Form
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The changed equations from steady case are

∇ × 𝐄 = −
𝜕𝐁

𝜕𝑡 ∇ × 𝐇 = 𝐉 +
𝜕𝐃

𝜕𝑡
The unchanged equations are

∇ ∙ 𝐃 = 𝜌𝑣 ∇ ∙ 𝐁 = 0 J = 𝜎𝐄

The charge density is the source or sink of changed flux lines

Magnetic charges are not known

The auxiliary equations are

𝐃 = 𝜖𝐄 𝐃 = 𝜖0𝐄 + 𝐏 𝐏 = 𝜒𝑒𝜖0𝐄

𝐁 = 𝜇𝐇 𝐁 = 𝜇0(𝐇 +𝐌) 𝐌 = 𝜒𝑚𝐇

The Lorentz force per unit volume is f = 𝜌𝑣(E + v × 𝐁)
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Maxwell’s Equation in Integral 

Form

11

The integral form are found from differential forms and
applying special theorem

The boundary conditions are

රH ∙ 𝑑𝐋 = 𝐼 + න
𝑆

𝜕𝐃

𝜕𝑡
∙ 𝑑𝐒 රE ∙ 𝑑𝐋 = −න

𝑆

𝜕𝐁

𝜕𝑡
∙ 𝑑𝐒

ර
𝑆

B ∙ 𝑑𝐒 = 0 ර
𝑆

D ∙ 𝑑𝐒 = න
vol

𝜌𝑣𝑑𝑣

𝐸𝑡1 = 𝐸𝑡2 𝐻𝑡1 = 𝐻𝑡2

𝐷𝑁1 − 𝐷𝑁2 = 𝜌𝑆 𝐵𝑁1 = 𝐵𝑁2
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Thank you


